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Abstract In this paper, we consider Hunt's hypothesis (H) for Levy processes. First, we give 
a comparison result on Levy processes, which shows that big jumps do not influence (H) in 
some sense. Second, we extend the Kanda-Forst theorem and give a new class of Levy processes 
satisfying (H). Third, we show that a special subordinator satisfies (H) if and only if its drift 
coefficient is 0, and that any locally quasi-stable subordinator satisfies (H). 
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1 Introduction 

Let X be a nice Markov process. Hunt's hypothesis (H) says that "every semipolar set of X is 
polar" . (H) plays a crucial role in the potential theory of (dual) Markov processes. To illustrate 
its importance, let us recall some potential principles. 

Assume that X = J^, Tt-, At, 6't, P^) and A = (fi, T , Tt-, A^, dt-, P^) are a pair of dual stan- 
dard processes on {E,S) with respect to a cr-finite reference measure ^ as described in [21 VI]. 
Denote by {Ua)a>o the resolvent operators for A. 



• Positivity principle (Pa)'- If /i is a finite signed measure with |/i|f/°|/i| < oo, then filf^fi > 
0, where |/i|?7"|/i| = f^U°'\^\{x)\fi\{dx) is the a-energy of the measure \fi\. 

• Bounded positivity principle (P*): If /i is a finite signed measure and t/"// is bounded, 
then /if/"/i > 0. 

• Energy principle (Pq,): If /i is a finite measure with compact support and /if/"/i < oo, 
then fj, does not charge semipolar sets. 
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• Bounded energy principle If /i is a finite measure with compact support and If^fi 
is bounded, then /i does not charge semipolar sets. 

• Maximum principle (Mq): If /i is a finite measure with compact support K, then 
sup{t/"/i(x) : X G E} = sup{?7"/i(x) : x G K}. 

• Bounded maximum principle (M*): If /i is a finite measure with compact support K 
and is bounded, then sup{t/°/i(x) : x G -E} = sup{?7"/i(x) : x G -ft'}. 

• Second maximum principle (Na)'- Let /i be a finite measure with compact support K 
and fiU^fi < oo. If U"fi < W^u on K, then ?7"/i < f/"z/ everywhere. 

• Polarity principle (Hunt's hypothesis (H)): Each semipolar set is polar. 
Theorem 1.1 Assume that all a-excessive functions are lower semicontinuous . 

(i) If {E,£) is a locally compact space with countable base and, X and X are two Hunt processes, 
then (P„) ^ (E^) (iV«). 

(a) For any a > 0, (Mq) ■<=^ (Ea). If x U{x,K) is bounded for any compact set K, then 
(Mo)^(Eo). 

(ill) {p:)^{ei)^{mi)^{h). 

Proof, (i) See |8]. (ii) See [3l Section 6]. 

(iii) (M*) <^ {H) is proved in [3]. (P^) =^ (M*) is proved in [H]. (M*) =^ (P*) is proved in [5]. 
By [il Propsition (2.1)], (£"*) (M*). It remains to show that (M*) ^ (E^). Suppose (M*) 
holds, then (if) holds, i.e., each semipolar set is polar. If /i is a finite measure with compact 
support and ?7"yU is bounded, then by [3], Proposition (5.1)], /i does not charge polar sets and 
thus yU does not charge semipolar sets, i.e., (£"*) holds. The proof is complete. □ 

In spite of its importance, (H) has been verified only in some special situations. By [2l VI. 4. 10] 
and Glover [H Theorem (2.2)], (H) holds if and only if the fine and cofine topologies differ by 
polar sets. Some forty years ago, Getoor conjectured that essentially all Levy processes satisfy 
(H). 

From now on, we let (f2, J-", P) be a probability space and X = {Xt)t>o be an R"-valued Levy 
process on (f2, J-", P) with Levy-Khintchine exponent ip, i.e., 

E[exp{i{z,Xt)}] = exp{-tip{z)}, 2 G R",t > 0, 

where E denotes the expectation with respect to P. For ip, we have the following famous Levy- 
Khintchine formula: 

ij{z) = i{a, z) + l-{z, Az) + [ (1 - e*<"'"> + i{z, x)l{|,|<i}) fi{dx), 

where a G R", A is a symmetric nonnegative definite nxn matrix, and /i is a measure (called the 
Levy measure) on R"\{0} satisfying /pin\|o}(l ^ \x\'^)fi{dx) < 00. Hereafter, we use Re{ip) and 
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lm{ip) to denote the real part and imaginary part of ip, respectively, and use (a, A, jj) to denote 
if) some time. For x e R", we denote by the law oi x + X under P. In particular, P*^ = P. 

Let B C R". We define the first hitting time of B by 



Denote by B* the family of all nearly Borel sets relative to X (cf. |2l 1.10.21]). A set 5 C R" 
is called polar (resp. essentially polar) if there exists a set C G B* such that B G C and 
P^{crc < oo) = for every x G R" (resp. dx-almost every x G R"). Hereafter dx denotes the 
Lebesgue measure on R". B is called a thin set if there exists a set C G B* such that B d C 
and P^{(Jc = 0) = for every x G R". B is called semipolar if B G U^^i?.„ for some thin sets 



We now recall some important results obtained so far for Getoor's conjecture. When n = 1, 
Kesten [17] (cf. also Bretagnolle [1]) showed that if X is not a compound Poisson process, then 
every {x} is non-polar if and only if 



Port and Stone [IB] proved that for the asymmetric Cauchy process on the line every x is regular 
for {x}, and thus (H) holds in this case. Further, Blumenthal and Getoor [3] showed that all 
stable processes with index a G (0,2) on the line satisfy (H). 

Kanda [15] and Forst [7] proved that (H) holds if X has bounded continuous transition densities 
(with respect to dx) and the Levy-Khintchine exponent ip satisfies |Im('?/;)| < M(l + Iie{ip)) for 
some positive constant M. Rao [12] gave a short proof of the Kanda-Forst theorem under the 
weaker condition that X has resolvent densities. In particular, for n > 1, all stable processes 
of index a ^ 1 satisfy (H). Kanda [16] settled this problem for the case a = 1 assuming the 
linear term vanishes. Silverstein [21] extended the Kanda-Forst condition to the non-symmetric 
Dirichlet forms setting, Fitzsimmons [S] extended it to the semi-Dirichlet forms setting and Han 
et al. [TT] extended it to the positivity preserving forms setting. Glover and Rao [TU] proved 
that a-subordinates of general Hunt processes satisfy (H). Rao [20] proved that if all 1-excessive 
functions of X are lower semicontinuous and |Im(?/;)| < (1 + R.e{ip))f{l + Iie{ip)), where / is an 
increasing function on [1, oo) such that {zf{z))~^dz = oo for any > 1, then X satisfies (H). 

Let X be a Levy process on R" with Levy-Khintchine exponent {a,A,fi). In [2], we showed 
that if A is non-degenerate then X satisfies (H). Under the assumption that fi{IV^\\/~AR'^) < oo, 
we showed that X satisfies (H) if and only if the equation 



has at least one solution. We also showed that if X is a subordinator and satisfies (H) then its 
drift coefficient must be 0. 

In this paper, we will continue to explore (H) for Levy processes. The rest of the paper is 
organized as follows. In Section 2, we present a comparison result which shows that, for any Levy 



as := inf{t >0:XteB}. 



{Bnl 



oo 
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process, big jumps do not influence (H) in some sense. In Section 3, we extend the Kanda-Forst 
theorem and give a new class of Levy processes satisfying (H) as a corollary. In Section 4, we 
consider (H) for subordinators. We prove that a special subordinator satisfies (H) if and only if 
the drift coefficient is 0, and that any locally quasi-stable subordinator satisfies (H). 

2 A comparison result on Levy processes 

Let X be a Levy process on R" with Levy-Khintchine exponent {a,A,fi). Suppose that /ii is a 
finite measure on R"\{0} such that /ii < /i. Define /i2 := A* — A^i and let X' be a Levy process on 
with Levy-Khintchine exponent {a',A,fi2), where 



Theorem 2.1 Let X and X' be two Levy processes defined above. Then 

(i) they have the same semipolar sets; 

(ii) they have the same essentially polar sets; 

(Hi) if both X and X' have resolvent densities, then X satisfies (H) if and only if X' satisfies 



Proof. Denote by ip and tp' the Levy-Khintchine exponents of X and X', respectively. Then, 



(i) Suppose that "K is a compound Poisson process with Levy measure fii and independent of 
X'. Then, by (12. ip . X has the same law as that of X' + Y. Let Ti be the first jumping time of 
Y. Then Ti possesses an exponential distribution and thus P{Ti > 0) = 1. Hence, for any set A 
and any point x G R*^, x is a regular point of A relative to X if and only if it is a regular point 
of A relative to X'. So X and X' have the same semipolar sets. 




(H). 




(2.1) 



(ii) Set C := /ii(R"\{0}). Then, by (EU), we get 



Reip'iz) < Re^piz) < Retp'iz) + C, 



(2.2) 



and 



\limp{z)\ < \limP'{z)\ + C, \lm^P'{z)\ < \lm'ilj{z)\ + C. 



(2.3) 
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For A > 0, we have 



\X + ^{z)J (A + Re^(2))2 + (Im^(^))2' ^"^ 

R ( ^ ^ = A + Re^X^;) 

VA + ^/''(2)y' (A + Re^/^'(2))2 + (Im^/;'(z))2- ^ 



By (1221) and (El, we find that if A > V2C then 



A + Re4j{z) ^ A + ReV''(2) 



{X + Reilj{z))^ + {lm'ilj{z)y " (A + Re^'(2) + C)2 + (|Im7/''(;z)| + C)^ 

A + ReV''(^) 
2[(A + Reij'{z)y + 2C2 + (lm^lj'{z)^] 



> 



^ 1 A + Re^^(z) 

- 4(A + Re^A'(z))2 + (ImV''(2)2' ^ ' ' 



Similar to (I2.6p . we find that if A > 2C then 



A + ReiP'iz) ^ A + Reipiz) - C 



(A + Re^'(2))2 + (Im7/;'(2))2 " (A + Re^(2))2 + (|ImV^(z)| + C)2 

iA + Reij{z) 



> 



(A + Rez/;(^))2 + 2C2 + 2{lmiP{z) 
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^ 1 A + Re^jz) 

- 8{X + Retlj{z))^ + {lmtp{zy' ^ ' ' 

By (l22])-(l22j), we obtain that if A > 2C, then for any z G R", 

- Re ( ^— ) < Re ( - — ^— ) < 8 Re ( ^— ) . (2.8) 

4 \X + ^'{z)J- \X + tPiz)J- \X + i^'iz)J ^ ' 

By (12.81) and [T3l Theorem 3.3], we obtain that any set which is essentially polar for X if and 
only if it is essentially polar for X'. 

(iii) It is a direct consequence of (i), (ii) and [131 Theorem 2.1]. q 

Corollary 2.2 For 6 > 0, define Bs = {x ^ R" : < \x\ < 6} . Let Xs be a Levy process on R" 
with Levy-Khintchine exponent {ag, A, filsg) , where 



as 



2, if 6> 1. 

Then, all the assertions of Theorem \2.1\ hold with X' replaced by X^. 

Remark 2.3 U J\x\<i \x\fi{dx) < oo, then ip can be expressed by 



^(z) = z{d,z) + l{z,Az)+ [ (l-e^<^'^>)/.(dx), (2.9) 



where —d is called the drift of X. In this case, we call {A,n,d) the Levy-Khintchine exponent 
of X . For 6 > 0, define Bs and Xs as in Corollary \EM Let X'^ he a Levy process on R" with 
Levy-Khintchine exponent (A, /il^^, c/) . We claim that X^ and X'^ have the same law and then all 
the assertions of Theorem \2.1\ hold with X' replaced by X'g. In fact, we have 



d = a+ xfi{dx). (2.10) 

J{\x\<l} 

If 5 < I, then 

as + x^\Bg{dx) = [o'+ fi{dx) J + / x^{dx) = d; (2-11) 

J{\x\<l} \ J{S<\x\<l} J J{\x\<5} 

if S > 1, then 

as + xn\Bsidx) = a+ / xix{dx) = d. (2-12) 
J{\x\<i} Al^Ki} 

By Ii2.10\) - (2.1^) . we know that Xs and X'g have the same Levy-Khintchine exponent {A,fi\Bs,d) 
and thus have the same law. 



3 The extended Kanda-Forst theorem 

Let f,g be two functions from to R. We write / = 0{g) if limsup|^.|^oo < oo. 

Theorem 3.1 Suppose that X is a Levy process with Levy-Khintchine exponent tp and has re- 
solvent densities. Then it satisfies (H) if the following Kanda-Forst-Rao condition holds: 

(KFR) There are two continuous functions ipi and ip2 such that Imip = ipi + ip2, 

IV^il < M(l + Reip) for some positive constant M, and 



R„ (1 + Re^P{z)y + {ImiP{z)f 



dz < oo. 



Remark 3.2 (i) If 1^2 = 0, then the (KFR) condition is just the Kanda-Forst sector condition; 
(a) If ipi = and \z\^ = 0{\lmil){z)\) for some constant /3 > 1, then the (KFR) condition holds. 

Proposition 3.3 // \z\^ = 0{\ip{z)\) for some constant (3 > 1, then the (KFR) condition holds. 

Proof. Suppose that neither {zl'^ = 0{Reip{z)) nor = 0{\lmilj{z)\) holds, i.e., 

\zf \zf 
hmsup = 00, limsup — — — -- = 00, 

l^l^oo Reip{z) i^i^oo llmipiz)] 
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which imphes that 



hminf^^ = 0, hminf l'^^y =0. 

Izl^oo |2|-!>oo 



It follows that liminf|2|_>.oo -^^^i^ = 0, and thus limsup|^|_^oo = oo, which contradicts the 
assumption that \z\^ = 0{\ip{z)\). 

If \z\^ = 0{\lmip{z)\), then the (KFR) condition holds with -i^i = by Remark I3.2( ii). Now 
suppose that \z\^ = 0{Reip{z)). Take ifji = 0,ip2 = Irnip. For any z G R", if \Imip{z)\ < 
1 + Reipiz), then 



{1 + Reip{z)y + {Imip{z)y " (1 + i?e?/^(z))2 " 1 + Retlj{z) 
if \Imilj{z)\ > 1 + Reip{z), then 



(1 + Ret}j{z)y + {Imij{z)y - {Im^piz))^ 1 + Reilj{z) 

By (I3IID, (Q and l^]'^ = 0(i?eV^(z))(/3 > 1), we know that the (KFR) condition holds in this 
case. □ 

In pp, the following index has been introduced: 

/3" = sup{a > : \y\~"Reip{y) — j- oo as \y\ oo}. 

Corollary 3.4 Let X be a Levy process with Levy-Khintchine exponent ip such that its f3" > 1. 
Then, X satisfies (H). 

Proof. By [12] and /3" > 1, we know that X has bounded continuous densities. Then, by 
Theorem 13.11 and Proposition 13. 3[ we obtain that X satisfies (H). |--| 



Proof of Theorem 13.11 By Theorem 11.11 it suffices to show that (P*) holds for some a > 0. 
We take a = 1. The idea of the proof comes from [191 Proposition 1]. Let m be a finite signed 
measure, U^m be bounded and 

Em{z) = j u{y — X — z)m{dx)m{dy). 

Then -E'm(O) is the 1-energy of m. We will prove that -EmlO) > 0, i.e., (Pj*) holds. By the proof 
of [ini Proposition 1], we know that |mpPe(l + G iYU") , E^{a) = \m\^{l + ipi-a))"^ . It 
is enough to show that -E'm(o) ^ L^i^^)^ where rh is the Fourier transform of m, i.e., rh{a) = 
J e^^°''^^m{dt). By |mpPe(l + ip)"^ ^ L^(R") and the (KFR) condition, noticing that m is a 
bounded function, we obtain 

j \m{a)\'^\{l + ij{-a))-^\da 
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< 



ma 



ma 



1 



1 + Reip{a) — ilmip{a 
1 + Reip{a) + ilmip{a 



da 



< / Imfa 



1 + Retlj{a))^ + {Imij{a)y 
2I + Reip{a) + |^i(a)| + |^2(a)| 



1 + i?eV^(a))2 + (/m^(a))2 
m(a)p ( (1 + M)Re{l + ^/'(a))"^ + - 



da 
da 



\M<y)\ 



1 + Re'ilj{a)y + {Imip{a)y 



da < 00. 



□ 



4 (H) for subordinators 

In this section, we consider (H) for subordinators. Suppose that X is a subordinator. Then its 
Levy-Khintchine exponent ip can be expressed by 

ij{z) = -idz+[ (l-e^^^)/i(dx), ^ G R, (4.1) 

i(0,oo) 

where d>0 (called the drift coefficient) and /i satisfies Jf^Q^^i^ Ax)fi{dx) < 00. In [H], we have 
proved the following result. 

Proposition 4.1 If X is a subordinator and satisfies (H), then d = 0. 



Conversely, if d = and /i is a finite measure, then X is a compound Poisson process and thus 
satisfies (H). Hence we need only consider the case that d = and fi is an infinite measure. 



The potential measure U of X is defined by 



U{A) = E 



dt 



A c [0,00). 



For a > 0, the a-potential measure f/" of X is defined by 



f/"(A) = E 



'''*'^{Xt(iA}dt 



A C [0,cx)). 



4.1 Special subordinators 

X is called a special subordinator if f/|(o,oo) has a decreasing density with respect to the Lebesgue 
measure. 



Theorem 4.2 Suppose that X is a special subordinator. Then X satisfies (H) if and only if 
d = 0. 
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Proof. By Proposition 14. ![ we need only prove the sufficiency. Suppose that d = 0. If /i is a 
finite measure, then X is a compound Poisson process and thus satisfies (H). 

Now we consider the case that fi is an infinite measure. By [H Theorem 8], X does not hit 
points, i.e., any single point set {x} is a polar set of X, which together with the assumption that 
^|(o,oo) has a decreasing density with respect to the Lebesgure measure, implies that t/|[o,oo) has 
a density with respect to the Lebesgue measure. Since for any a > 0, f/"(-) < U{-), we get that 
for any a > 0, f/" is absolutely continuous with respect to the Lebesgue measure. Then by [T3| 
theorem 2.1], we know that for any a > 0, all a-excessive functions are lower semicontinuous. 
Therefore, by the fact that X does not hit points, p] Proposition (5.1), Theorem (5.3)], following 
the proof for stable subordinators [21 page 140], we find that X satisfies (H). □ 

4.2 Locally (quasi-)stable subordinators 

Let S' be a stable subordinator of index q;,0 < a < 1. Then, its Levy-Khintchine exponent "ifs 
has the form 



where c > 0. Its Levy measure jj^s is absolutely continuous with respect to the Lebesgue measure 
dx and can be expressed by 



where c+ > 0. 

Definition 4.3 Let X be a subordinator with drift and Levy measure fi. If there exists a stable 
subordinator S with Levy measure fis cind a positive constant S such that /i = /i5 + /i' on (0,5), 
where fi' is a finite measure on (0,5), then we call X a locally quasi-stable subordinator. // 
n' = 0, we call X a locally stable subordinator. 

Proposition 4.4 Let X be a locally quasi-stable subordinator. Then it satisfies (H). 

Proof. Let X and S be as in Definition 14.31 It is well known that 5* satisfies (H). By Theorem 12. II 
(see Remark 12. 3p . we know that X and S have the same semipolar sets and the same essentially 
polar sets. Then it suffices to show that they have resolvent densities by Theorem I2.1( iii). In 
fact, we will prove in the following that they have bounded continuous transition densities. 

Denote by tp and ips the Levy-Khintchine exponents of X and S, respectively. Denote Cg = 



"^siz) = c\z\'^{l — i sgn{z) tan(7ra/2)), z G {—oo, oo). 



(4.2) 




fisi[S, oo)). Then < < oo. By (jH]), (g^l) and Definition iJl we get 




(0,oo) 
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> / (1 — cos{zx))^{dx) 

J{0,5) 



> (1 — cos{zx))fisidx) 

(1 — cos{zx))fisidx) — (1 — cos{zx))fis{dx) 

(0,oo) i[<5,oo) 



= Retjjs{z) — (1 — cos{zx))fisidx) 

J[5,oo) 

> c|2;|" -/i5([5,oo)), 

which together with (14. 2p imphes that 

Reij{z) Re^s{z) 

hm — = hm — = oo. (4.3) 

IzKoo ln(l + 1^1) l^Koo ln(l + 

By [12] and fl4.3p . we find that X and S have bounded continuous transition densities. □ 

Corollary 4.5 Suppose that ip is a Levy-Khinchine exponent. Then the Levy process with expo- 
nent 



:= [ (1 - e-^(")^) /i(rfx) (4.4) 



'(0,oo) 

satisfies (H), if one of the following two conditions holds. 

(i) fi is a Levy measure of some special subordinator with drift 0; 

(a) fi = fis\{o,s) + fJ'' , where ns is s Levy measure of some stable subordinator, 6 is a positive 
constant and fi' is a finite measure on (0, oo). 

Proof. Let X be the Levy process corresponding to (f, and Tf be a subordinator independent of 
X with drift and Levy measure fi. Then Y := X{Tt) has the Levy exponent $ defined by (14. 4p . 
Therefore, by [lOl Theorem 1], Theorem 12. II and Proposition 14.41 we obtain that Y satisfies (H).q 
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